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RIESZ TRANSFORMS AND MULTIPLIERS FOR THE BESSEL-GRUSHIN 

OPERATOR 

V. ALMEIDA, J.J. BETANCOR, A.J. CASTRO, AND K. SADARANGANI 



Abstract. We call the Bessel-Grushin operator of order a to the differential operator 

Gey = -dl + " ~ ^ x^dl on (0, oo) x K. 

We study L*'-boundedness properties of Riesz transforms associated to Ga- Also, we establish 
that the spectral multiplier m{Ga) is of weak type (1, 1) provided that m is in a suitable local 
Sobolev space. In order to do this we prove weighted Plancherel estimates involving Bessel-Grushin 
operators. 
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o 

Q^ 1. Introduction 



The Grushin operator is defined by 

G = -A- \x\^dl, on M" x M. 

In this paper we consider the operators we call Bessel-Grushin operators which appear when the 
Laplacian operator in G is replaced by the Bessel operator 

We define the Bessel-Grushin operator Ga by 



B„ = -^ ^. a>-l/2. 



,G, Ga = ~dl + " ~^ ' - x^dt, on (0, oo) x M, for every a > -1/2. 

I Our objective in this paper is to study LP-boundedness properties of Riesz transforms and spectral 

J> multipliers associated with Ga- We are motivated by the recent papers of Chen and Sikora [5, 

0^ Jotsaroop, Sanjay and Thangavelu [TS], Martini and MuUer [TH] and Martini and Sikora tl9j, about 

^N Grushin operators. 

We consider the Laguerre operator 



2" La = --^ + 5-^+x^ on (0,oo). 



o 

f^ We have that, for every /c e N, 

T! L„(/?^ ==2(2fc + a + l)(^^, 

. !_( where 

^ ^"(") = { rTk + a + i) ) ''' ^-^^"-"-^'"^ti^'l - e (0, c^), 

and /^ represents the fc-th Laguerre polynomial of order a ([28, p. 100-102]). The family {'fik}keN 
is an orthonormal basis in L^(0,oo). 

We denote by J^2{f) the Fourier transform of / e L^((0,oo) x M) with respect to the second 
variable. 

The Bessel-Grushin operator Ga is defined by 



GaJ — ^2 



J2 2(2/c + a + l)\u\c'^iJ^2{f);uMix; u) 



Lk=0 



f e DiGa), 
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where 

D{God - I / e i'((0, oo) X M) : ^ 2(2fc + « + l)\u\cl{F2{f)] u)^l{x- u) e L^m oo) x M) I . 
I fc=o J 

Here, for every /c e N and g e L^{{0, oo) x E), 

/>oo 

Cfc(5;w)=/ ¥'fe(a^;u)3(a;,u)da;, u G M, 
Jo 

where 

<y9^(a;;u) = \/|u|(y3^(-\/|M|a^), a; G (0, oo) and m e M. 
Note that, for every u € M \ {0}, {(y9^(-,-u)}^ ^j is an orthonormal basis in i^(0, oo). Moreover, 
denoting by La{u) the operator 






we have that 

La^{u)^pl{■,u) =2(2fc + a + l)|ii|v5^(-,u), fc e N and w e M \ {0}. 

If / G C^((0, oo) X M), the space of smooth functions with compact support in (0, oo) x M, it is 
clear that Gq,/ = G^/. In the sequel we write also Gq, to refer us to the operator G^. 

Suppose that m is a bounded Borel function on (0, oo). We define the spectral multiplier m{Ga) 
associated with m by 



m{Go^)f = T^' 



J2 m{2{2k + a + l)\u\)cl{F2{f)\uM{x- u) 
.fc=o 

■21 



/eL2((0,oo) xM). 



Since m is bounded the operator m{Ga) is bounded from L ((0, oo) x M) into itself. As usual, 
the question is to give conditions on the function m such that the operator m{Ga) can be extended 
from i2((o, oo) X M) n £^((0, oo) x M) to LP((0, oo) x M) as a bounded operator from ^^((0, oo) x M) 
into itself, when p 7^ 2. 

In the classical Hormander multiplier, local Sobolev norms are considered to describe smoothness 
of m in order to get L^'-boundedness of the multiplier operator. These arguments have been used 
by Christ [B], Duong, Ouhabaz and Sikora [8 , Duong, Sikora and Yen [5], Hebisch [T3], Hulanicki 
and Stein [TTl cf.], in different settings. 

li 1 < q < 00 and s > 0, we denote by W^iM.) the L'^-Sobolev space of order s. We choose 
rj e G^(0, 00) not identically zero. The "local" W^ norm || • Hmw^ is defined by 

II'^IImw^ = sup||r/(5fm||w=, 
t>0 

where Stm{s) — m(ts), t, s €z (0, 00). When we consider different functions 77 we get equivalent local 
Sobolev norms. 

We now establish our result about spectral multipliers for Bessel-Grushin operators. 

Theorem 1.1. Let a > 1/2. Suppose that m is a bounded Borel measurable function on (0, 00) 
such that \\m\\MW < 00 for s > 1. Then, the spectral multiplier rn{Ga) can be extended from 
L^((0,oo) X M)nL2((0,oo) X M) to Li((0,oo) xR) as a bounded operator from Li((0, 00) x M) into 
Li'°°((0,oo) X M). 

Note that when m is a bounded measurable function on (0, 00), m(Ga) is bounded from i^((0, 00) x 
M) into itself, and then classical interpolation theorems and Theorem |1.1| imply that the operator 
m{Ga) can be extended from LP((0, 00) x M) n L'^i{0, 00) x M) to LP((0, 00) x M) as a bounded ope- 
rator from £^((0, 00) x M) into it self, for every 1 < p < 00, provided that m satisfies the conditions 
in Theorem ll.il 

The key result in the proof of Theorem |1.1| is a weighted Plancherel type estimate. 

Next we introduce Riesz transforms associated with Bessel-Grushin operators. 

Let a > -1/2 and u G M \ {0}. We define 

A / \ d . . a -I- 1/2 , ,*, s d . . a + 1/2 

ax X ax X 

Note that A'^{u) is the "formal" adjoint of Aa{u) in L^(0,oo). We have that 

L^{u)=Aliu)A^{u) + 2\u\{a + l). 
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This decomposition suggests to "formally" define the Riesz transforms for the scaled Laguerre 
operator La{u) as follows 

i?a(u) = ^„(u)L-i/2(u) and R^{u) = Al{u)L-^/^iu). 

According to some well-known properties of Laguerre functions (see. for instance, [121 (2.17) and 
(2.18), p. 1004] and [23, p. 406]) we have that 

Aaiu)ip'^{x;u) = ~2y^k\u\(p"^l{x;u), x € (0,oo) and fc e N, 

and 

Al{u)ip'^{x;u) = -2v/(fc + l)|u|<y9^-j^(a;;u), x G (0,oo) and fc G N. 

Here, we understand (p'^^ — 0. 

For every /3 > 0, the —/3-th power L'^^iu) is defined by 

^.-'w/-|: (2(2;:':'fi)i„i). ^£'-.")- /-i^(«.»). 

/•OO 



where, for every A: G N, c^(?i)(/) = / ip'^{x;u)f{x)dx. 

Jo 
We define Riesz transforms on L^(0, oo) as follows 

R^{u)f = -2f; yfc^=|M(£) (p^+i(.;«), / G L2(0,oo), 
fe=i \/2(2K + a+l) 

and 

i?„(^.)/ ^ -2f; y(fcTT)-;^^|^^ML^-l(.;^), ^ ^ ^2(0^^)^ 

t^o V2(2fc + a + l) 

Note that, in virtue of Plancherel equality for Laguerre function spaces, we deduce that Ra{u) 
and Ra{u) are bounded operators from L^(0,oo) into itself. Moreover, if / G span{(/3^(-,u)}fegN, 

— 1/2 — 

the linear space generated by {(p^(-, u)}fegN , then Ra{u)f — Aa{u)La {u)f and Ra{u)f = 

1/2 

A'^{u)La {u)f- L^-boundedness properties of Riesz transforms associated with Laguerre function 
expansions have been established in jT^ and |23], among others. 

The above comments suggest to define Riesz transforms Ra and Ra in Bessel-Grushin settings 
as follows 

RM)ix,t) = T^\Ra{u){T2imx,u)){t), 

and 

RM){x,t) = T^'{R^iu)iT2imx,u)){t), 

for every / G L^((0,oo) x M). Then, Plancherel theorem for Fourier transform implies that Ra and 
Ra are bounded operators from L^((0, cx)) x M) into itself. 
We prove the following result. 

Theorem 1.2. Let a > 1/2 and 1 < p < cx). Then, the Riesz transforms Ra and Ra are bounded 
operators from LP({0,oo) x M) into itself. 

In order to prove this theorem we start using the main idea in the proof of |15l Theorem 1.1], 
namely, we see Ra and Ra as Banach valued Fourier multipliers and then we use the celebrated 
Weis' multiplier result |31l Theorem 3.4]. But to show that the R-boundedness properties hold for 
the family of operators which appear in the Bessel-Grushin context, we can not proceed as in [151 
Section 2] because Laguerre functions have not as nice operational properties as Hermite functions. 
Roughly speaking we take advantage that the operators we need to study are bounded perturbations 
of those operator handled in |T5] . 

In the following sections we prove Theorems |1.1| and |1.2[ 

Throughout this paper we always denote by c and C positive constants that can change from 
one line to the other. 
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2. Proof of Theorem II. II 

The strategy of the proof of this theorem is the same as in jTH] (see also jHI, [IE] and |55]) and 
the key result is a weighted Plancherel inequality. Laguerre expansions play an important role and 
we need to get estimations involving Laguerre functions. 

The Bessel-Grushin operator G^ is selfadjoint and positive in L^((0,oo) x M). Then, — Gq, 
generates a semigroup of contractions {e^*'^°}t>o in L^((0,oo) x M). Moreover, since Ga — G = 
(a^ — l/4)/a:^, by using the perturbation formula (see pUl Corollary 1.7, p. 161]) we get 

(1) e-*^/ - e-*«°/ = /* e-(*-^)« «^^l/4 ^_.g„^ ^^_ 



Jo -^ 

Here and in the sequel, we identify each measurable function / on (0, cxd) x M with the function /o 
defined by 

/o(2:,i) = | ^^""'^ ^J[]; , teM. 

>From ([l]) we deduce that e"*'^"/ < e"*'^/, < / G i^((0, oo) x M) and t > 0. 

According to [19, Proposition 3] there exists a distance p in M^ such that the triple (K^,p, | • |), 
where | • | denotes the Lebesgue measure in M^ , is a homogeneous type space (in the sense of Coifman 
and Weiss [7]), and that 

< Wt{{xi,ti), {X2,t2)) < C——- -—^—, [xj.t,) e E2, J = 1,2, and t > 0, 

where, for every < > 0, Wt represents the integral kernel of e"**^. 

Hence, for every t > 0, the operator e~*'^° is bounded from L^{{0, oo) x M) into L'^{{0, oo) x M), 
1 < g < oo. Then, for every i > 0, 

(2) e-*^°(/)(xi,ii)= / Wmxi,h),{x2,t2))f{x2,t2)dx2dt2, /ei2((o,cx))xM), 

J(0,oo)xR 

and 

g-p((a:i,ti),(2;2,i2))V* 

0<W^((xi,ii),(a;2,t2))<G^ . ^,, , (x,, t,) e (0, c^) x M, j = 1, 2,and i > 0. 

|Sp((a;2,i2),Vi)| 

By defining e~*'-^", i > 0, by (pi on _LP((0,oo) x M), {e~*'^°}(>o is a bounded semigroup on 
LP((0, oo) X M), for every 1 < p < oo. 

Moreover, by [25, Propisition 1.4] the semigroup {e~'"-^°}t>o is bounded holomorphic in L^((0,oo)x 
M) with angle 7r/2. According to [25. Theorem 2.4], for everv (xj.tj) € (0,oo)xM, j = 1, 2, the inte- 
gral kernel W"((xi,ii), (2:2,^2))! i > 0, can be extended to an holomorphic function W"( (a; 1, ti), {x2,t2)), 
Re{z) > 0. 

By proceeding as in the proof of [8., Lemmas 2.1 and 4.1] and [26, Lemma 3.3], for instance, we 
can show the following properties of the integral heat kernel W", Re{z) > 0. 

Lemma 2.1. Let a > 1/2. Then, 

(a) Fort every (xi, ti) G (0, 00) x M and t,r > 0, 

\Wn{x,,t,), {x2M))?dX2dt2 < C J 
and 

||W?((:ri,ti),.)||i.((o,.o)xM) =llW?(-,(xi,ti))||i.((o_^),„) < . .. ^ , ^., . 

(b) For every s > 0, t G M, i? > and (xi,ti) G (0, 00) x M, 

/ \^tl+^r)R-^ ((^1' ^1)' {X2M))?[P{{^1M). {x2MWdX2dt2 < ^ | /./ ^\\ '"^'L | ■ 

Let R > 0. As it was commented above the operator e~^ '^°' is bounded from L^((0, 00) xM) into 
L^((0, 00) X M). Suppose that F is a bounded measurable function on M such that supp F C [0, R^]. 
We define 7?2(A) = e"^-""', A G M, and iJi = F/H2. It is clear that H2{Ga) = e"^"'^" and that 
Hi{Ga) is a bounded operator from L^{{0, 00) x M) into itself with 

l|-ffl(Ga)||L2((0,oo)xR)^L2((0,oo)xR) < ll-H^l IIl~(0,oo) < eJI-P'IU^ (0,oo) • 



/ 
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Hence, the operator F{Ga) is associated to the kernel 
Then, Lemma [2. 1| (a), leads to 



|2 ^ ^ II^I|l'^'(0,oo) 



|-f'^i=^(G„)((a:^l,^l),-)lli2((0,oo)xR) < C"] 



The arguments presented in the proof of [26, Lemma 3.5] (see also [8, Lemma 4.3, (a)]) allow us 
to establish the following result. 

Lemma 2.2. Let a > —1/2 and R, s > 0. For every e > there exists C^ > such that 



I 



\Sb^-F\\1,. 



\KFiG^){{xi,ti),ix2,t2))\^[l + Rpiix,,t,),{x2,t2))YdX2dt2 < C,-— {T/RM ^ 

(0,oo)xK \Bp{{xi,ti),l/R)\ 

for every bounded measurable function F such that supp F C [0, R^]. 
We now define the operators 

Mf{x,t)=xf{x,t), f e D{M)^{ge L^iiO,oo)xR), xg £ L^{{0,oo) xR)}, 
and 

2?/ = T2\-iuT2if)iu)), f e D{V) ^{ge L\{0,<x) x E), u^g) G L\{0,^) x R)}. 
It is clear that M is a positive and selfadjoint operator. Moreover, we have that 

\V\f = ^^\\u\T2{f){u)), feDiv). 
Then, |2?|"7 = J^^^{\u\"'J'2if){u)), f G D{\V\"'), and m e N. Also we define the operator MV by 

Sf{x,t) = xJ-2-i( - z7iJ-2(/(x, •))(")) W, 

for every / G 15(5) = {/ G L2((0,oo) x M) : xuF2{f{x, ■)){u) G L2((o,oo) x R)}. Note that 
D{MV) C 15(5). 

Next result is a version of [19, Proposition 4] in our setting. 

Lemma 2.3. Let a > —1/2 anrf 7 > 0. Then, 

(3) I|MV||l^((0,co)xK) < C|lG2/2|I?rVllL^((0,oo)xE), 

/or euery / G Ran{\V\-'), the range o/|X>|'^, smc/i that \V\-'' f G D{GlJ'^). 
Proof. Our first objective is to show that, for every m G N, 

(4) ||'5^''"/I|l2((o,oo)xr) < C'||G'"/||l2((o_oo)xr), f e D{G'^). 
We consider the operator 



^„(/)(a;,t)= J-2 
being 






c^ (-^2 (/);«) 



(i), /Gi?(^<,), 



i^(^„) = |.gGL2((0,^)xM) : E 2(2fc + « + 1)H ^^^'^'"^ '^ ^'((0.^) x 1^) [ ■ 

Observe that, for every / G D{Aa), Aaf G D[Ga) and Gay^a/ = /. Furthermore, if / G D{Ga), 
GJ G D{A^) and ^„G„/ = /. 

We treat the case m — 1. for which inequality in d4| is equivalent to the following one 

(5) 115 ylQ/||L2((0,oo)xR) < G||/||l2((o^oo)xR), feD{Aa)- 

According to Plancherel equality for the Fourier transform, ^ holds if, and only if, D[Ga) C 
D{S'^) = {/ G L2((o,oo) X R) : x'^u^F2{f{x, ■)){u) G L2((0,oo) x R)} and the operator T^ defined 

by 

T„(/)(x, u) = Y. ^^iSz^TTT^^^"' "^' ^ ^ ^'^^'^' "^ "^ '^^ 

fc=o ^ ' 

is bounded from _L^((0,oo) x R) into itself. 



V. ALMEIDA, J.J. BETANCOR, A.J. CASTRO, AND K. SADARANGANI 

In order to show the L^-boundedness property for T^ we consider the operator L^^ defined by 



K.h - E 



fe=0 



2(2fc + a + l) 



^l, geL\Q,^), 



where 
(6) 



cl{9) 



ipl{x)g{x)dx, fc e N. 



The operator x^L^^ is bounded from L'^(0,oo) into itself. Indeed, let g E L^(0, oo). We define 
the function go by 

go{x) = g{x), X G (0, oo), and go{x) = 0, x e (-oo, 0]. 

We have that L'^^{\g\){x) < CH^^{\go\), x e (0,oo), where H represents the Hermite operator. 
Then, the L^-boundedness of the operator x^L^^ follows from [3, Lemma 3] (see also [4J). We get 



ra(/)||i.((0. 



oo)xI[ 



x2|u|c^(^2(/);^),„„ 



2(2A: + a + l) 



^k{x,u) 



dxdu 



E 

fe=0 



^x^cl(T2{.f)(y/^\,u)) 



fe=0 



2(2fc + a + l) 



dx 



du 



^^^"(^^^^^(7^'"))^^^ 



dx 



du 



<C 



Mf) 



2 du 
dy- 



<C^II/lli^((o,=o)xM), /ei'((0,(»)xM). 

Note that J^2{f){-/\/\u\^ ") ^ L^i^: °°)^ ^-G- w G M, and then the coefficient c^ in the second equality 
above, which is given by (|6|, is understood as a function of u. On the other hand, the property 
D{Ga) C D{S^) can be also deduced from the previous argument. 

An inductive procedure allows to show that d4| is true for every to G N. The imaginary powers 
of the operators S and Ga are bounded in L^((0,oo) x M) (see [20, p. 640] or |3H Theorem B]). By 
using |17l Theorem 11.6.1] and [T, Theorem 4.1.2] we get that there exists C > such that 

II'5^/IIl2((o,oo)xr) < C'(^ll/IU2((o,oo)xR) + I|G2;'^/I1l2((o,oo)xr)J, ./ e D{GlJ'^). 

In the usual way, the homogeneity allows us to obtain that 

I1'5'^/IIl2((0,oo)xR) < C'l|Gy^/||L2((o,oo)xR), / ^ D{Gll'^). 

Since \V\'' is an one to one operator, we deduce that (l3| holds. D 

Lemma 2.4. Suppose that H is a compactly supported Borel measurable complex function defined 
on R. For every f G C^(0, 00) ® C^{R), we have that 



HiGo,)fix,t) 



K'^{y, z; X, t)f{y, z)dydz, x G (0, 00) and t G M, 



being 



Kfi{y,z;x,t) = — / S^ H(2{2k+a+l)\u\]ip'^{x;u)ip'^{y;u)e-'''''-''-^Uu, a;,yG(0,oo) and z,t E 



Moreover, 
(7) 



/" I / \ 2 

^S(y.2;-.-)lli2((o,oo)xR) = / E|^(2(2fc + " + i)l"IJ<(y;") ^"' y e (o, oo) and z g 
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Proof. We consider f{x,t) = h{x)g{t), where h e C^{0,oo) and g e C^(M). We can write 

r °° / \ r°° -1 

HiG^)fix,t)=T^'[Y,H{2{2k + a + l)\u\^ / ^t{y;u)hiy)dy:F2ig)iuMi^-:u)\it) 
fe=0 "^0 

^1 f^ut r\2H(2{2k + a + \)\u\)^l{x-uM(y-u)h{y)dy [ e-'^'g{z)dzdu 

oo 

K'^{y, z; X, t)h{y)g{z)dydz, x £ (0, oo) and i G M. 


Indeed, the interchange of the order of integration can be justified as follows. Since H has bounded 

support there exists b > Q such that H{2{2k + a + l)\u\) — 0, provided that 2{2k + a + l)\u\ > b, 

ueRandk e N. Then, H{2{2k + a + l)\u\) = 0, when 2(a + l)|u| > 6, u e M and fc e N. Hence, 

we have that 

/ r I \g{z)\\h{y)\Y^\H(2{2k + a+l)\u\)\\vl{x-u)\\^l{y-u)\dzdydu 
JrJo Jr i^^Q ^ ' 

<C \ \ \\g{z)\\h{y)\ J2 \ipnx;u)\\iptiy;u)\dzdydu 

J-b/(2(a+l))J0 JR ken,2k+a+l<b/(2\u\) 

Furthermore, since |(y5^(z)| < C, k £ N and z e (0, oo), for a certain C > (see |22l (27)], we get 

ph/(2(Q+l)) /.oo p 

\9iz)\\Hy)\ Yl Iftix; u)\\ip'^{y;u)\dzdydu 

-b/{2ia + l))J0 JR feeN, 2fc+a+l<b/(2|u|) 

^b/(2(a+l)) 1 

<c\\g\\mR)\\hhHo.o.) YW-4 E H'/'rf" 

J-fc/(2(a+l)) 1^1 keN.2k+c.+ l<b/{2\u\) 

/.b/(2(a+l)) ^y ;^ 

<C||5||li(r)||/i|1li(o,oo) / ^^ yiTi 2^ P7i < °^- 

■/-fc/(2(a+l)) Fl fcgN 

On the other hand, by using Plancherel equality for Fourier transforms and Laguerre expansions 
we easily obtain (l7|. D 

For every i? > 0, we define the weight function, 

wr{{x, t), {y, z)) = min{i?, l/y}x, x,y G (0, oo) and t, z G M. 

The following is our crucial weighted Plancherel inequality. 

Lemma 2.5. Assume that 7 G [0, 1/2) and H is a compactly supported Borel measurable complex 

function defined on M. Then, 

(8) 

/•OO 

||Af^X^(y, z; ., •)I|l^((o,oo)xR) < C / \H{u)\^ uim{u-<+^/\y-'-<-^)du, y e (0, 00) and z G M. 

JO 

Particulary, when suppiJ C [i?^,4i?^], for some R> 0, we have that 

(9) 

sup \Bpiiy, z), 1/R)\^^'^\\wr{{-, •), {y, z))'<K%{y, z; •, •)I|l2((o,oo)xR) < C'||(5fl2i/||i2((o,oo)xK), 

(y,z)e(0,oo)xR 

being C > independent on R. 
Proof. We define, for every n G N, 

Hn{z)=X(l/n,n){z)H{z), Z G M. 

By using monotone convergence theorem it follows that 

ll-f'^ff(y,2;-,-)||L2((o,oo)xR) = Jlm^ll^S„(y>2:;-,-)IU2((o,oo)xR), y e (0,00) and z G M. 
Let n G N. Note that 

(2{2k + a + l)\u\ 



lY,\H,,{2{2k + a + \)\u\)^t{y-u) 



127 



7 

— dw < 00 



V. ALMEIDA, J.J. BETANCOR, A.J. CASTRO, AND K. SADARANGANI 



2 du 



< CX3. 



if, and only if, 

/ Y,\Hn{2{2k + a + l)\u\)y,'^{y;u) 

Our next objective is to estimate the following function 

(2{2k + a + l)\u\ 



^n{y) = / E |^"(2(2fc + a + l)\u\) ^^(y; u) 



■fc=0 

By making straightforward manipulations we get 

Vuy 



nOO J~^ . 
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,1/2-7 



-du, y e (0,00). 



(2fc + a + 1)3/2-27 



V2(2fc + a + l) 

According to pil p. 1124], there exist C, rj, A and ^ e (0, 00) such that 

\ipl{x)\<CMl{x), X e (0, 00) and A: e N, 
where 



du, y e (0, cx)). 



A^^ 



(x) = x"+i/2(- + a;^)"'^'""^Vy^ + |x^ - i^kir'/'nix), x & (O, oo), 

Xl/i. J 



and 



'i'fel^) 



cxp 



< 2;2 < i.fe, 

( - livk - x2|3/2/^,l/2), ^, < x^ < (1 + X)Vk, 

(1 + A)j^fc<x2, 



being i/fc = 4A: + 2a + 2, A: e N. 
Then, we deduce that 



(10) 



\vlix)\<C- 



1/3 



(v\]''^-\x'-v^\Yy\ xG(0,oo), 



-ex- 



x2 > (1 + A)i^fc. 



By proceeding as in the proof of [fS", Lemma 9], ( 10 1 allows us to obtain that, for every e > 0, 

max{l,x}^ ' "!• ^2 



(11) 



Emax-[i,xj- „/ a; 

,e^u,ooj ,^„ (2fc + a + 1)^+1/2 ^'^ l^2(2fc + a + l) 



< 00. 



From (11) we deduce that 

/>oo 

A„(y) < C \ |iJ„Hpmin{w-T+i/2,y27-i}^y^ ^ g (0,oo), 
Jo 

provided that 76 [0, 1/2). 
By Lemma [2. 3 1 we get 

/•oo 

-7+1/2 27-1 



||M^KSJ2/,z;.,.)I1l^((o,oo)xE) < C \ |i/„(u)|^ min{. 

Jo 



y '' }(iu, y g (0,00) and z S 



where C does not depend on n. By taking limits as n — > 00 we obtain (l8|. 
Suppose now that suppff C [i?^,4i?^], where i? > 0. It is clear that 

/■oo /'4 

/ |if(M)pmin{M-'^+l/^y27-l}^y^ / |i/(i?2„)|2 j^Jj^j ^-27+1^-7+1/2^ y27-l|^2^^ 

Jo Jl 

< Ci?2min{i?i-2^,y27-i} / \H{R^v)fdv, y G (0,oo). 

Since \Bp{{x,t),R)\ ~ i?^ max{a;,i?}, x,i? G (0,00) and t G M ([HI Proposition 3, (9)]), we deduce 
(§. □ 

The proof of Theorem |1.1| can be finished now by proceeding as in |19} Section 4] (see also [5j 
Section 4]). 
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3. Proof of Theorem 11.21 

The Laguerre operator —La generates the semigroup of contractions {M^"}t>o ii^ ^^(0, oo), where, 
for every i > 0, 

CO 

where, for every A; e N, 



CfcCg) = / vl{y)9{y)dy. 

Jo 
According to the Mehler's formula |29l (1.1.47)], for every i > 0, we can write 

/■oo 

(12) Wt^{g){x)= / Wt"{x,y)g{y)dy, 

Jo 

for every g G L^(0,oo), where 

2e-2* \^^^ f2xye-^'\^^\ (2xye-^'\ ( \,^ ^\ 



Here /„ denote the modified Bessel function of the first kind and order a. By defining W", i > 0, in 
LP(0, c»), 1 < p < oo, by the integral in (12), {W^"}t>o is a semigroup of contractions in LP(0,oo), 
1 < p < oo (see |2H Theorem 4.1]). 

Let w G M \ {0}. Straightforward manipulations allow us to show that the operator — Lq,(m) 
generates on LP(0,oo), 1 < p < oo, the semigroup of operators {W^"„}t>o where, for every t > 0, 

/>oo 

Wt^Mi^)^ Wt''{x,y;u)g{y)dy, g G LP(0,oo), 1 < p < oo, 

Jo 

being 

T^f(a;,y;u) = VHw^/|«|(\/H2;,\/Ry), i,a;,2/G (0,oo). 
We can write, for every g G i^(0, oo), I < p < oo, 

La{u)-"^g{x)^^ W^/^Jg)(x)-, :r:G(0,^). 

By using the arguments given in [2 we can see that, for every g G i^(0, oo), 

/•oo 

(13) Ra{u){g){x) ^ lim / Ra{x,y;u)g{y)dy, a.e. a; G (0,oo), 



e^0+ 



0,|2;-a|>e 



where 

Ra{x,y;u) = ^ Aaiu)W"{x,y;u)^=, x,y € {0,oo), x ^ y. 



'TT 







wr 



Moreover, the operator Ra{u) defined by ( 13 1 can be extended from L (0, oo)nLP(0, oo) to £^(0, oo) 
as a bounded operator from £^(0, oo) into itself, for every 1 < p < oo. 
Also, for every g G L^{0, oo), we have that 

/•CO 

(14) Raiu){g){x) = lim / Raix,y;u)g{y)dy, a.e. a; G (0,oo), 



£^0 + 



0,\x~y\>E 



where 

\ f°° dt 

Ra{x,y\u) = —= I A*^{u)W^{x,y]u)—-, x,y £ {Q,oo), x ^ y, 
V 7^ Jo \/t 



and the operator Ra{u) defined by (14l can be extended from L^(0,oo) n LP(0,oo) to Lp(0,oo) as 
a bounded operator from LP(0,oo) into itself. 

In this section we prove that the Riesz transform Ra is bounded from £^((0, oo) x M) into itself, 
for every 1 < p < oo. To see this property for Ra we can proceed in a similar way. 

The operator Ra is defined by 

Ra{f){x,t) = T^\Ra{u){T2{f)){x,u)){t), / G i^ ((Q, CX)) X M). 

Let 1 < p < oo. We identify LP((0,oo) x M) with LP {R, LP {0,oo)). The Riesz transform can be 
understood as a Banach valued Fourier multiplier. Indeed, let / G C^ ((0, oo) xM) C S{M., Lp{0, oo)), 
where S(U., LP{0, oo)) denotes the ^^(0, oo)-valued Schwartz functions space. Then, J-{f) G 5(IR, ^^(0, oo)); 
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being T the (LP(0, cxD)-valued) Fourier transform. By using Plancherel equality for Laguerre func- 
tions expansion we obtain 

(15) l|-Ra(w)llL^(0,oo)^L^(0,oo) < 1, U ^^\ {0}. 

Let u e M \ {0}. From ([l3| we get, for every g G Cf{Q, oo), 

/•OO 

Ra{u){g){x) = Ra{x,y;u)g{y)dy, a.e. x ^ supp g. 

Jo 

Moreover, we have that 

A^{u)W,-{x,y;u) = \u\ L^L^ + VH^ ~ ^ffX^ ) {W.^^iW Hx , ^ \u\y) 



= l"l[^"(l)^/|^.|(^i'2/i)]|.,=^^., ,,=^2,' a:,ye(0,oo), x y^ y 



Then, 

RJx,y;u)^^L \AJl)W,r.(xi,yi)], /r-r /ri ^ 



' 



= ^/\u\Ra{^/\u\x,^/\u\y;l), x,y e {Q,oo), x^y. 
Since Ra{x,y] 1) is a standard Calderon-Zygmund kernel [23, Proposition 3.1] we can obtain 

C 

(16) \Raix,y;u)\< -, x,y € {0,oo), x ^ y, 

\x~y\ 

and 

C 

(17) \dxRaix,y;u)\ + \dyRaix,y;u)\< _ 2:, y G (0, oo), x 7^ y, 

where the constant C > does not depend on u. 

By using Calderon-Zygmund theory we conclude that Ra can be extended from L^(0, 00) n 
LP{0, c») to LP{0, 00) as a bounded operator from Lp(0, cc) into itself (as it was said earlier) and 

\\Ra{u)\\LP{0,oo)-^LP{a,oo} < C, 

where C > does not depend on u. 

We deduce that i?c.(u)(V(/)(u)) G Li(M,iP(0, cx))) and then J"-i(i?„(u)(J"(/)(M))) G L°° (R, LP (0, 00)). 
Furthermore, we have that 

(18) RM) = J''\Ra{u){J'{f){u))). 

Indeed, suppose that g G L^{M.,L'p{0,oo)). We understand g as a function defined in M x (0,oo). 
Let h E LP (0, 00). By using some properties of the Bochner integral and Holder inequality we get 

00 







h{z)[ / giy,-)e~^y'dy]{z)dz= / / h{z)g{y, z)dze~^y'dy 



h{z) I g{y,z)e '^'"''dydz, a; G 

/O "'R 

Then, for every 2; G ffi, 

' g{y, Oe-^^My) (z) = [ g{y, z)e'^y'dy, a.e. z G (0, 00). 



According to ( 18 ), since ^^(0, 00) is a UMD Banach space, we use [31 , Theorem 3.4] to show that R^ 
defines a bounded operator from L^(E, L''(0, 00)) into itself. It is sufficient to see that the families 
of operators 

\Ra(u)> and \u-—Ra(u)> 

I ) ueR\{a} I du ) ueR\{a} 

are i?-bounded in LP{0,oo). It is well-known that if {r(w)}„gR\{o} is a set of bounded operators 

in LP{0,oo), then T — {7"(w)}ueR\{o} is i?-bounded in L^(0,oo) if, and only if, there exists C > 

such that 



^ 1/2 ^ 



(19) ||(Ei^(".)..f) |L,,,^<^||(Ei^.i 



N 1/2 



Lp(0,oo) 



Lp(0,oo) 
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for every sequence {uj)jLi C M \ {0} and every sequence {gj)jLi C LP{0,oo) and N £N. 
Suppose that {r(w)}„gR\{o} is a family of bounded operators in L^(0, oo) such that 

sup ||r(M)||£(L2(o,oo)) < oo, 
n6R\{0} 

being £(L^(0,oo)) the space of bounded hnear mappings from L^(0,oo) into itself. Moreover, 
assume that, for every u G K \ {0} and g S C^{0, oo), 

/•oo 

T{u)g{x) ^ j Ku{x,y)g{y)dy, x ^ supp(5), 
Jo 

where 

C 

sup \Ku{x,y)\<- r, x,?; e (0,oo),a: ^ y, 

«eB\{o} F - y\ 

and 

sup [\dxKu{x,y)\ + \dyKu{x,y)\] < r^, x, y e (0, oo), a; 7^ y. 

«GR\{o} ^ ^ F-2/r 

Then, by [30l Theorem 1.3 Chapter XII], ^ holds for every sequences (wj)°li C M \ {0} and 
fe)-iCLP(0,oo). 

Lemma 3.1. Let a > —1/2. The family of operators {Ra{u)} u&l\{i3} ^^ R-bounded in L''(0,oo). 



Proof. It is enough to take into account the above observation and (13), (15), (16) and (17). D 

The i?-boundedness of the family {w^i?Q(w)}ugR\{o} and the differentiability of R^ are more 
involved. In order to see these last properties we are going to use some results established in |15] . 
We need to recall some definitions related to the Hermite operator. We denote by H the Hcrmite 
operator 

__d^ 

This operator can be written as follows 



H = ^~r^ + x^ , on ! 



H = -hAA* +A*A), 

where A = d/dx + x and A* = —d/dx + x. Note that A* is the "formal" adjoint of A in _L^(M). For 
every A; S N, the fc-th Hermite function hk is defined by 

hk{x) = {y/^2''k\y^/^e~''^/^Hk{x), xeR, 

where Hk denotes the fc-th Hermite polynomial [TBI (4.9.1) and (4.9.2)]. We have that 

Hhk = i2k + l)hk, ken. 

The system {/i/cjfceN is an orthonormal basis in i~(M). The operator —H generates the semigroup 

of contractions {Wt}f>o in -L^(M), being for every t > 0, 

00 
Wtif) = 5]e-*(2fe+i)^^(^)/^^^ f ^ ^2(1^)^ 

fc=0 

and 



bkif)= / hkiy)fiy)dy, fc e N. 
Jr 
By using Mehler's formula for Hermite functions |29| (1.1.36)] we obtain 

(20) Wt{f){x)= [ Wt{x,y)f{y)dy, f e L\M.) 'And t > Q , 

JR 

where 

{x~yf- '-—- + {x + yf 1 , a;,y eMandte (0,oo). 



1 / -2t \ 1/2 / 1 

1 / e "^^ \ /I 



Moreover, if M^t, i > 0, is defined by (20), {T^t}t>o is a semigroup of contractions in ^^(M), 
1 < p < 00. 

In order to study Riesz transforms associated with Grushin operator Jotsaroop, Sanjay and 
Thangavelu ^^ considered the scaled Hermite operator H{u) defined by 

ff 

H{u)^--— +u^x^, onM, 
dx"^ 
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for every u G M. The operator H{u) can be written as 

Hiu)^^[A{u)A*{u) + A*{u)A{u)l 

where A(u) = - — \- \u\x and A*(u) = — ; — \- \u\x, m G M. Riesz transforms for the operator H(u) 

ax _ ax 

were formally defined in [151 by 

R{u) ^ A{u)H{uy^''^ and R{u) ^ A*{u)H{u)~^^'^ , ueR\ {0}. 

Here, we only consider the Riesz transform R{u). Let w G M \ {0}. By taking in mind |27l (3.1)] 
the operator R{u) is defined in X^(IR) as follows 



where 

bk{u){f)^ f hk{y;u)fiy)dy, fc G N, 



and hk{x; u) — ^/\u\hk{yj\u\x) , a; G M and fc G N. R{u) is a bounded operator in L'^{'R). Moreover, 
for every 1 < p < oo, R{u) can be extended from L^(M) n L^iM) to L^(E) as a bounded operator 
from iyP(IR) into itself, and, for every g G L^iM), 



R{u){g){x) = lim^ j R{x,y;u)g{y)dy, a.e. a; G K, 

where 



^->-0'^ J\x-y\>e 



1 f°° dt 

R{x,y;u) = —= I A{u)y/\u\Wt\u\W\u\x,^\u\y)—^, x,y & 



Note that R{x, y; u) = y'\u\R{^y\u\x, \/\u\y; 1), x, y G M. 
Lemma 3.2. Let a > 1/2. The function 

Ra :M\{0} — ^£(iP(0,oo)) 

U > Ra{u) 

is differentiahle. 

Proof. In [TS] it was proved that the function 

R:R\{Q} ^^ C{LP{m.)) 
u — > R{u) 

is differentiable. By identifying g G L^(0,oo) with go G LP(E) defined by 170(2;) = g{x), x G (0,oo), 
and gQ{x) = 0, a: G (—00, 0), we have that 

R :M\{0} -^ /:(LP(0,oo)) 

u — > R{u) 

is differentiable. In order to show that R^ is differentiable we will prove that D^ ~ Ra — R is 
differentiable. 

Henceforth, assume that m > and g G ^^(0, 00). According to [51 Proposition 3.3] we have that 

\Raix,y;u) - R{x,y;u)\ = ^/u\Ra{Vux, ^/uy;l) - R{^/ux,^/uy-l)\ 

■ 1 X 

-, 0<2/< - <oo, 
a; 2 



(21) < C < 



-, < 2a: < 2/ < CXD, 

>. y 

where C > does not depend on u. 
Hence, 

\Raix,y;u) - R{x,y;u)\\g{y)\dy < 00, a; G (0,cx)), 
/o 
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and we can write 

/•CO 

Da{u){g){x) ^ j [Ra{x,y]u)- R{x,y]u)]g{y)dy, x,ye(0,oo). 
Jo 

We now analyze 9u[i?Q(a;, j/;u) — R{x,y]u)\, x,j/ £ (0, oo). Firstly, we have that 

du[Ra[x,y]u) - R{x,y;u)] =--^[Ra{^/ux, ^/uy;l) - R{^/ux,^/uy;l)] 

2y/u 



13 



+ 2 [i9xRa){Vux, y/uy; 1) - {^xR){^/ux, y/uy; 1)] 



(22) 



y 



[{dyRa){Vux,y/uy;l) - {dyR){y/ux,y/uy;l)] , x,y e {Q,( 



In the sequel we will use the following properties of the Bessel function /„. We have that, for 
every z € (0, cx)) [16, (5.7.9) and (5.16.4)] 

d 



(23) 

(24) 
and 
(25) 

Moreover, by [SI (5.11.8)], 
(26) V2^Ic{z)e 

where [a, 0] — 1 and 



dz 



(z-"/„(z)) = z-"/,+i(z), 



2a 

Ia+l{z) = Ia-l{z) Ia{z) 



Ia{z) 



as z —?■ 0+, 



2"r(a + l)^ 



r=0 



i.,.i = (^-^-^)(^-^-?;-(^-^-(^-^)^), . = 1,2,.. 



22'T(r + l) 



To simplify we write 



2e-2* 11 + e-4* 

a(i) = ^ _ ^_,, and 6(t) = -- 



4t ■ 



t >0. 



By taking into account that 



dx X dx 



and writing C^ix^y) = Aa{l)W^{x,y), t,x,y e (0,oo), (|23| leads to 

Gnx,y)=xW^f(a;,2/)+a(f)"+i(a;y)"+i/25,[e-^(*)(^'+^')(a(i)a;j/)-"/„(a(t)xy)' 
=a(t)"+i(xy)"+i/2e-^(*)(^'+^') 

X {a{t)xy)-''I^{a{t)xy){l - 2b{t))x + {a(t)xyyio,+i(a(t)xy)ya{t) 
=xWAx,y)^27ra{t)xyUa{t)xy)e-''(''>-y 

+ Wt{x, y) \ - 2b{t)x^2na{t)xyl^{a{t)xy)e~'''^''^^y 



+ a{t)y^2^a{t)xyIo,+i{a{t)xy)e-''^''^^y\ , t,a;,2/ e (0,c»). 
Moreover, by defining Gt{x,y) = A{l)Wt(x,y), t,x,y d (0,oo), we have that 

Gtix,y) = xWt{x,y)+ (^a{t)y - 2b{t)x'^Wt{x,y), t,x,y e (0,oo). 



Hence, 



Gtix,y)~Gf{x,y) ^xWt{x,y)(l - ^/2iTa{t)xyI^{a{t)xy)e-'^'^''y) 

+ Wt{x, y) [ - 2b{t)x(l - ^2TTa{t)xyUa{t)xy)e--^''>^y'^ 

+ ait)y(l - v/27ra(i)xy/„+i(a(t)a:y)e-"(*)"^)l , t, x, y G (0, oo). 
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By using again ( 23 1 we get 



c9, (Gt{x, y) - Gfix, y)) + ydy (Gt{x, y) - G?(x, y) 

= (1 - 2b{t)) \xWt{x, y) (l - ^2TTa{t)xyI^{a{t)xy)e-<'^'=y 



x'd^Wt{x,y){l - ^2^a{t)xyl^{a{t)xy)e-''^'^^y 
x^Wt{x,y)d^(^j2TTa{t)xyIo.{a{t)xy)e-<'y- 



+ xydyWt{x,y)[l - ^2TTa{t)xyIo.{a{t)xy)e-^^'^''y 

-xyWt{x,y)dy(^^27ra{t)xyUa{t)xy)e-''^'^^y)' 

+ a{t)\xyd^Wt{x,y)(l - ^J2na{t)xyl^+i{a{t)xy)e-''^'^^y 



-xyWtix,y)d,^^27Ta{t)xyIc.+i{a{t)xy)e-''^'^^y^^ 
+ yWt{x,y)(l - ^2na{t)xyI^+,{a{t)xy)e-<'^-y^^ 
+ y^dyWt{x,y)(l - v/27ra(t)xy/«+i(a(i)xy)e-"(*)-«) 



-y^Wt(x,y)dy^^27Ta{t)xyI^+i{a{t)xy)e-<'^^y 

10 

^^^A^'^'V)^ t,x,y e {0,oo). 



i=i 



Note that 



(dxR) iVux, y/uy; 1) - (dxRa) {Vux, ^/uy; I) + y [dyRj {\fux, y/uy; 1) - [dyRa) {^/ux, y/uy; 1) 



X 



y 



(dxGt) {\/ux, y/uy) - (dxGfj {y/ux, y/uy) 



dt 



dt 



[dyGtj {y/ux, y/uy) - [dyGtj {y/ux, y/uy) — x,y £ {0,oo), x ^ y 



To estimate these integrals we spHt them in two parts as follows: for every x,y (£ (0, oo). x ^ y, we 
consider 



:i} J {t>0:ua(t)xy>l} 



'0 J {t>0:ua{t)xy<l 

We firstly study the integral extended over Au{x,y) = {t G (0,oo) : ua{t)xy < 1}. According to 



(|23| we have that 

^2TTzIa{z)e'^ 



d 

dz 



(27) 



dz 

a + 1/2 



a+l/2-a 



z-"Uz)e- 



'2'KzIa{z)e ^ + \/2'!TzIa+i{z)e 



'2TrzIa{z)e ^, ze(0, oo). 



Then, by using (25 1 we obtain 

d 



(28) 



dz 



'2'KzIa{z)e 



<Cz"-i/^ 2e(0,i). 



Inequalities ( 25 1 and ( 28 1 lead to 

xdx(Gt{x,y)-Gf{x,y))+ydy(Gt{x,y)-Gnx,y)] 

<Ca{t){{x + y)Wtix,y) + x''\dxWt{x,y)\+y^\dyWtix,y)\ 



+ 



xy{\dxWt{x,y)\ + \dyWt{x,y)\)j, t e Ai{x,y), a;,?/ £ (0,oo), 



because a > 1/2 and |1 - 2b{t)\ < a(t), t e (0,oo). Since a{t)t < 1/2 and b{t)t > 1/4, t e (0,00), 
for each t e Ai{x, y), x,y d (0, 00), we have that 



Wt{x,y) 



2tt 



i{t)e-''m-'+y')e<^>y < C- 



Vi 
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and 



X 



d^Wtix,y) +y dyWtix,y) 



<C- 



Vi 



Thus, we obtain 

\xd,{Gt{x,y)-Gnx,y))+ydy(^Gt{x,y)-Gnx,y))\<Ca{t){x + y)' 

<Ca{t)e-''^'''+y'^/' <C- , t€Ai{x,y), x,y€{0,oo). 



Vi 



Hence, 



(29) 



xd,{Gt - G?){Vux, Vuy) + ydy{Gt ~ G-i){^x, Vuy) 

teA^{x,y) 



dt 



< 



i3/2 



-dt < 



C 



u\/ x"^ + y"^ 



, x,y € (0,oo). 



We now estimate the integral extended to Bu{x,y) — {t Cz (0, oo) : ua{t)xy > 1}. This part is 
more involved than the previous one. 

From (26 1 and (p7|) we deduce that, for every n — 2, 3, ... , 



_d_ 
dz ' 



(V27rz/„(z)e-") = v^ ^" ' z^'^Io^{z)e-'' + z^'''lo,+i{z)e-'- - zi/2/„(z)e-") 



a + 1/2 



^^ ' i2zY \z^+^)) ^^ ' (2zY ^ Vz"+i 



z \^^- ■ (2zY \z 

r=0 ^ ' 



r=0 



E(-i 



,r F>^] , q' 1 



r=0 



(2z)- 



n+l 



E(-ir 



r=l 



-(2a + l)[a,r- !] + [« + l,r] - [a, r] 

Wy 



+ ^(^)' -e(0'-)- 



Since, 



we get 



-(2a + l)[a,r-l] + [a + l,r] - [a, r] = 2(r - l)[a, r - 1], r = 1,2,3,..., 



dz 



(^/2^/„(z)e-^)=5](-l^ 



,2(r-l)[a,r-l] 



O 



(^^), ^e(0,oo). 



for every n = 2, 3, . . . . Then, 

d 
dz 
By using (p6| we obtain 



(30) 



(V2^/„(^)e-") =^(^)' ^e (0,(X)). 



/. 



teB^(x,y) 



Hi{t, y^ux, y/uy) + Hsit, y/ux, y/uy) 



dt ^^x + y 



dt 



Vi V'«2;y JteB^{x,y) Vt 



<C 



x + y 



dt 



W) 



V^xy JteB^{x.,y) " Vi Mi/4(a;y)3/4 J^^g^^^y^ (uj;y)i/4 



~cu\x — y\ /t 



dt 

Vt 



(31) 



<C- 



X + y roo ^-cu\x-yf /t 



x + y 



u^/i{xy)y*Jo t5/4 '^^-^«i/2(a;y)3/4|a;_y|i/2' a;, y G (0, oo), a: ^ y 



Asymptotic behavior ([26| leads also to 



|g2(i,x,y)+g4(i,x,y)| <C y a:0,m(a;,y)+yg^W^t(x,y) 



j3/4 



<c 



,1/4 



^3/4^3/4 



-c|a;-y|Vt 



a;,y e (0,cxj), i G Bi{x,y). 
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We obtain 

(32) 



lt<£B^{x,y) 

Also, we have that 



H2{t, \/ux, \/uy) + Hi{t, \/ux, \/uy) 



71 < ^^II7v7?^3^T7^' -' y e (0, oo), . ^ y. 



\He{t,x,y) + Hg{t,x,y)\ <C 



<C 



a{t)y 



(a(t)xy)V^ 



xdxWtix,y) +ydyWtix,y) 



y 



1/4 



^3/42.3/4 



-c\x-y\'^/t 



Then 
(33) 



teB^(x,y) 



dt 



x,y e (0,oo), t G Bi{x,y). 



vl/4 



HQ{t,^/uX,y/uy) + Hg{t,y/ux,y/uy) — = < C — ^ , X,y £ (0,CX)), x^y. 



According to ( 30 1 we obtain 



H3{t,x,y) + H5{t,x,y) 

Hence, 
(34) 



<C 



a{t) X y 
{a{t)xy)V^ 



Wt{x,y)<C 



,1/4 



^3/4^3/4 



-c\x-v\^/t 



x,y e (0,oo), t e Bi{x,y). 



'teB,,{x,y) 

Similarly we can show that 
(35) 



dt , „ xi/4 



H3{t,^/ux,^/uy) + H5{t,y/ux,Vuy) — < C ^^^ ^^^ _ ^^ , x,y e (0,cx)), xj^y. 



dt 



,1/4 



t£B^(x,y) 



Hr{t,^/ux,^/uy) + Hio{^/ux,^/uy,t) -j. < C ^.^ ^, _ .^ , x,y £ (0,oo), x^^y. 



By putting together (31|-(35l we get 



(36) 



t£B^{x,y) 

C 1 
< 



xd, [Ct - Gt) iVux, Vuy) + ydy (g, - G^) {Vux, y^y) 

,^1/4 yl/4 

i7^iy37I + ^^j' x,y&io,oo), x^y. 



dt 



u \x — y 



From (29) and (36 1 it follows that 



xd, (Gt - G?) iV^x, V^y) + ydy (g* - G?) {V^x, V^y) 



dt 

Vt 



(37) 



< 



G 



1/4 ,,1/4, 



1 /x^i'^ y'i'^\ 



|a;_y|l/2Vy3/4 ^3/4 y ^^T^^ 



, x,y£ (0,oo), x^y. 



In order to get the same estimate as the one shown in (21) for |9„(i?Q(x,2/; u) — i?(x,i/; u))|, and 
following a similar proceeding, we can obtain for every < y < xj^ or < 2x < y 



|i?,(i,x,2/)|<G- 



ix{x, y} 

i3/2 ' 



-c\x-yYlt 



teBi{x,y), j = l 



, . . . , -LVy, 



10, 



and together with ( 29 ) we get 



(38) 



J \xd,(^Gt - G?)(yux, V^Iy) +y9,(Gt - G^) (^/w:E, ^/u^/) 
G f l/x, < y < a::/2 < oo. 



dt 

Vt 



u \ 1/j/, < 2x < y < 03. 
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By combining (21), (22), (37) and (38) we conclude that 

1 



(39) du(Ra{x,y;u)~ R{x,y;u)] 



Here, C does not depend on u. 
By differentiating in ( 22 1 we get 



C 
< — < 

u 



\x-v\ 



1 



< y < x/2 < oo, 

< x/2 <y <2x <oo, 

<2x <y < oo. 



dl yRa{x, y; u) - R{x, y; u) j = — y^ [R^ - Rj [y/ux, y/uy; 1) 



4m 
1 



401 



xdx (Ra - R] {Vux, y/uy; 1) + ydy (Ro - Rj {V^x, ^/uy; 1 

(Ra - R] {Vux, y/uy; 1) + 2xydly (Ra - Rj {^/ux, y/uy; 1) 



'd: 



y'^dy^Ra- RjiVux,y/uy;l) , x,y e {0,oo). 



Then, by proceeding as in the previous case we obtain 

r 1 



(40) dl{Ra{x,y-u)-R{x,y-u) 



< 



C 



X 

1 

X 

1 
I y' 



\x-y\ 



<y < x/2 < oo, 

< x/2 < y <2x < oo, 

<2x <y < oo. 



We consider the Hardy operators Iq and I°° defined by 

Io{g){x) = - 9{y)dy, and I°°{g){x)= ^^dy, xe(0,oo). 

X Jo Jx y 

It is well-known [13, p. 244, (9.9.1) and (9.9.2)] that Iq and I°° define bounded operators from 
LP{0,oo) into itself. On the other hand, Jensen's inequality allows us to see that the operator / 
given by 



I{g){x) = -f (1 

X J x/2 

is bounded from £^(0, oo) into itself. 
By ( 39 1 we deduce that the operator 



\x~y\ 



g{y)dy, x e (0, oo), 



Ta{u){g){x)= j du[Ra{x,y;u)- R{x,y;u)jg{y)dy, a;e(0,oo), 



is bounded from L'°(0, oo) into itself. 
We can write, for every g E LP{0, oo) 

1 



aiu + h){g)(x) - R{u + h){g){x) - (i?„(u)(g)(x) - i?(u)(5)(x))] - Ta{u){g){x) 

dx[Ra{x,y\\) -R{x,y\\)jd\-du[Ra{x,y\u) - R{x,y;u)j g{y)dy 
'(Ra{x,y; z) — R{x, y; z)jdzdXg{y)dy, < \h\ < u, a; G (0, oo). 



1 
Ji 

oo -1 i*u+h j*\ 



u J u 



According to ( 40 1 it follows that 



{Ra -R)iu + h){g) - {Ra - R){u){g) 



Ta{u){g) 



LP{Q,oo) 



<c 



"+'' r^ dzdx 

h.lu Ju ^^ 



5'IIlp(0,oo) 



<c 



h- 2^v?- +uh + 2i 



y/uh 



\\9\\lp{o,oo), <\h\< u. 
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Hence, 

lim = Ta[u), 

h^o+ h 

in the sense of convergence in £(1/^(0, oo)). 

We can proceed in a similar way when u < 0. We conclude that the function 



\{0} 



is differentiable and that, for every g e LP{0, oo). 



C{LP{0,oo)) 

Raiu) 



duRa{u)g{x) = lim / duRa{x,y;u)g{u)du, a.e. x€(0,ao). 

^^0+ J|a;-y|>e 



n 



Lemma 3.3. Let a > 1/2. The family of operators {u-^Ra{u)}u^]gi\SQ\ is R-hounded in £^(0, oo). 



Proof. From ( 39 ) we deduce that 



ue 



sup \\uduRa{u)\\c{L^(^o^ryo)) <' 



and 
(41) 



sup 

ueR\{o} 



udu[Ra{x,y;u) ~ R{x,y;u) 



< 



C 



\x~y\ 



x,y e (0,oo),a; 7^ y. 



Assume that m > 0. We can write 



dx 



udu\Ra{x,y]u) ~ R{x,y]u) 
= udu 



dx 



iduiy/uRaiVux, y/uy; 1) - y/uR{y/ux,yJuy\ l)j 



Moreover, 



u{dxRa){Vux, y/uy; 1) - u{dxK){y/ux, y/uy- 1) 
{dxRa){\/ux, y/uy; 1) - {dxR){\/ux, y/uy; 1 

^3/2 

+ -Y~ [x{dlRa){Vux, y/uy, 1) - x{dlR){y/ux, Vuy; 1) 

+ y{dlyRa){Vux,y/uy;l)-y{dl R){y/ux,y/uy;l) , x,y e {0,oo), x^y 



Gt{x,y)-G?{x,y) 



1 - 2b{t)){2dx[Wt{x,y)(l - ^2TTa{t)xyUa{t)xy)e-<'^-y 
dlWt{x,y){l - ^27Ta{t)xyUa{t)xy)e-<''>-y) 
~2dxWt{x,y)dx[V'^Mt)xyIa{a{t)xy)e-<''>-y) 
- Wt{x,y)dl(^^2TTa{t)xyUa{t)xy)e-''^'^^y)] } 
+ a{t)y{dlWt{x,y)[l^^2T^t)^I^+,{a{t)xy)e-^^'y''y) 
-2dxWt{x,y)dx(^V2M^Ia+i{a{t)xy)e-<'^-y) 
(42) -Wtix,y)dl(^^2Trait)xyI^+Mt)xy)e-''^'^^y)y, <,x,y G (0,oo). 

By using (|23| and ([24| we get 
d^ ^ 



(43) 



dz^ 



Vzlai 



z)e 



/4a^-l 2a + 1 



+ 2-— ')v^/„(z)-2yila+i(z) , 2;€(0,oo). 



According to ([26| it follows that 

d2 



(44) 



dz2 



V^/a(^)e-"] =0(^), zG(0,oo). 
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Equalities (26), (30), (H2| and (44) lead to 



dl(^Gt~G?)ix,y)\<Cxa{t)[\d,Wtix,y)\j-^-^^-^ + Wtix,y)^ 



a{t)y 



+ x|52Wt(x,y)|- 



-T(t)^ + ^l^^^*(^'^)lRi^ + ^^*(^'^) 



{t)xy 

Ht)vf 



+ y\dlW,{x,y)\-^+y\d^W^{x,y)\j-^M^^+yW,{x,y)^^^^^ 



{a(t)xyY 

{<t)y? 



a{t)xy 



' {a{t)xyf/^ 



{a{t)xyy 



< C r,^ , t e Bi{x, y), 0<x/2<y < 2x, 



because 



^3/2 

diWt{x,y) 



< C^-7T7-7V7T^, t,x,y €{0,oo), e^ 0,1,2. 



t(«+l)/2 

Analogously, when < y < x/2 ot 2x < y < oo, we get 

dl(Gt-G?){x,y)\<Cxa{t){\d,Wt{x,y)\+Wt{x,y)a{t)y + x\d^,Wt{x,y)\ 



<G 



+ x\d^Wtix, y)\ait)y + xWt{x, y){a{t)yf + y\dlWt{x, y)\ 
+ y\d^Wt{x,y)\a{t)y + yWt{x, y){a{t)yf^ 



<G- 



X ( 1 X + y ^ xy + y^ ^ xy^ + y^ 

c\x-v\^/t 



t^ 



+ 



<5/2 



\e-'=\^-y 



-c\x-v\^/t 



t3/2 ' 

Hence, we obtain for each x,y d (0, cx)), x ^ y, 



teBi{x,y). 



(45) X 



t£B^{x,y) 



dl(Gt-G'i){V^x,^y) 
ice a > 



dt C f°° e-™l="-«l'/* 



t^ 



< 

Vi Vu JO 



dt< 



C 



v?l'^\x — yp 



On the other hand, since a > 1/2, from (25), (28) and (43) we deduce, for every < z < 1, 

d^ 



<C, i^O,l, 



dz"^ 



(^■^Ia{z)e 



C 
< . 

z 



Hence, 



dl(^Gt - G?) [x, y)\ < Ca{t){il + a{t)y^)Wt{x, y) + (x + y)\d,Wt{x, y)\ + {x^ + y^)\dlWtix,y)\} 



<C- 



-c(x^W)/t 



i3/2 



t e Ai{x,y), x,y Q (0, oo). 



Then, for every x,y € (0, oo). 



(46) / X 

'teA^{x,y) 



dl(Gt-Gt){V^x,V^y) 



dt C f°° e-'="(^'+''')/* 



< 

Vi VujQ 



t2 



dt< 



C 



From (|45| and (|46|) it follows that 

{dxRa){Vux, ^/uy; 1) - {dxR){^/ux, yfuy; 1) 



u^l^x 



< 



C 



\x-y 



where C does not depend on u. 
In a similar way we can see that 

u^/^y {dlyRc,){^x, y/uy; 1) - {dlyR){y/ux, y/uy; 1) 

with C > independent of u. 

Moreover by (17) and [27, Theorem 3.3] we have that 



< 



C 



\x-y\ 



v?l'^(xP' + y2) 
2, x,y e (0,oo), x^y, 

r, x,y^ (0,oo), x^^y. 



{dxRa){Vux, y/uy; 1) - {dxR)[\/ux, ^/uy; 1 
not depend on u. Hence, we cc 
dxiudu Ra{x,y;u)~ R{x,y;u) 



< 

where C does not depend on u. Hence, we conclude that 

C 
< 



C 



\x-y[ 



x,y e (0,oo), x^y, 



X ~ y[ 



u,x,y e (0,oo), x^y. 
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Analogously, we can show that 

dyiudu Ra{x,y;u) - R{x,y;u) 



< 



C 



\x-y\ 



;, u,x,y e (0,oo), x^y. 



When M < we can proceed similarly, and we obtain, for every x,y £ (0, oo), x ^ y, 



sup 



I dyiudu Ra{x,y;u)- R{x,y;u) j + dyiudu Ra{x,y;u) - R{x,y;u) j | 

According to [TSl Proof of Lemma 2.2 and Proposition 2.3], we have that 

C 



< 



C 



\x-y[ 



sup 



ue 



uduR{x, y; u) 



\x-y\ 



r, x,y e (0,oo), x^y, 



and 



sup 



m6 



I dx\uduR{x,y;u)] + dy\uduR{x,y;u)] | 



< 



C 



\x-y\ 



;, x,y e (0,cx)), x^y. 



Then, from (41 1 and (46 1, we conclude that 

sup uduRa{x,y;u) 

iiea\{o} 

and 



< 



C 



\x-y\ 



x,y e (0,oo), x^y, 



sup <^ dx(uduRa{x,y;u)) + dy(uduRa{x,y;u)) \ 



< 



C 



\x-y[ 



r, x,y e (0,oo), x^y. 
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